" Quantization" of higher hamiltonian analogues of the Painleve I and 
Painleve II equations with two degrees of freedom 



B. I. Suleimanov 

Abstract 

We construct a solution of an analog of the Schrodinger equation for the Hamiltonian 
Hi(z, t, qi, q2,Pi,P2) corresponding to the second equation Pj 2 in the Painleve I hierarchy. 
This solution is produced by an explicit change of variables from a solution of the 
linear equations whose compatibility condition is the ordinary differential equation Pf 
with respect to z. This solution also satisfies an analog of the Schrodinger equation 
corresponding to the Hamiltonian Hu(z, t, qi, q2,Pi,P2) of Hamiltonian system with respect 
to t which is compatible with Pf. A similar situation occurs for the P 2 2 equation in the 
Painleve II hierarchy. 
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2 MapTa 2013 r. 



AHHOTaU,HH 



IIocTpoeHO penieHHe aHajiora ypaBHeHHH IIIpe^HHrepa, onpeflejineMoro raMHjib- 
TOHHaHOM Hj(z, t, qi, q-iiPiiVi) BToporo HjieHa P^ nepapxHH nepBoro ypaBHeHHH Ile- 
HjieBe. Ilocjie hbhoh 3aMeHbi oho 3anaeTCH perueHHeM chctcm jiHHeftHbix ypaBHeHHH, 

yCJIOBHeM COBMeCTHOCTH KOTOpblX HBJIHeTCH HejIHHeHHOe o6bIKHOBeHHOe flHcpcpepeH- 

iniajibHoe ypaBHeHHe Pf no He3aBHCHMOH nepeMeHHoii z. Pe3yjibTaT 3toh 3aivieHbi 
yflOBjieTBopneT Taxnce aHajiory ypaBHeHHH Illpe/nnirepa, onpeflejineMoro raMHjibTO- 
HHaHOM Hu(z,t,qi,q2,Pi,P2) raMHjibTOHOBOH CHCTeMbi c He3aBHCHMoii nepeMeHHoii 
t, KOTopan coBMecTHa c ypaBHeHHeM P^. HoKasaHO, hto cxoncaH CHTyauiiH HMeeT 
MecTO flJiH npe^cTaBHTejiH P| nepapxHH BToporo ypaBHeHHH IleHjieBe. 

J\jik Bcex inecTH o6L.iKHOBeHHL.ix jxHcpcpepeHHHajibHBix ypaBHeHHH (0,U,y) IleHjieBe 
Qzz — f(z, Qi Qz)> penieHHH cooTBeTCTByioiHHX hm nap jiHHeHHbix chctcm MeTo^a h30moho- 

JXpOMHBIX fleCpOpMaHHH (H^M) H3 CTaTBH P.TapHBe [I] C nOMOIHBK) HBHOH 3aMCHBI 3a^aioT 

[2] penieHHH ypaBHeHHH 



(cm. TaKJKe Hanajio 3aKjnoHeHHH jj;aHHOH CTaTBH.) 3th ypaBHeHHH onpe^ejinioTCH KBaja;- 

paTHHHBIMH no HMnyjIbCaM p raMHJIBTOHHaHaMH H = H(z,q,p) raMHJIBTOHOBBIX chctcm 



3aBHCHHi;Hx ot nocTOHHHOH IIjiaHKa h = 2nh = —2irie, sth niecTB sbojhohhohhbix ypaB- 
HeHHH ([1]) nojiynaioTCH b pe3yjiBTaTe cpopMajiBHOH 3aMeHBi e — 1. 

*Pa6oTa BbinojiHeHa npn no^epacKe OIIII (kohtprkt 02.740.11.0612). 





q' z = H' p (z, q,p), p' z = —H'Jz, q,p), HCKjnoneHHe H3 KOTopbix p jj;aeT niecTB O^Y IleHjieBe. 
H3 ypaBHeHHH LHpeiXHHrepa 




(2) 
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Otmcthm, hto h,jih 0,II,y, nojiynaioiiiHxcH H3 ypaBHeHHfi IleHjieBe nocjie 3aMeH z new = 
£z, Qnew = £q, cooTBeTCTByromne ypaBHeHHH H,U,M b pe3yjiBTaTe em;e onHofi 3aMeHBi 
%new — nepexonHT b coBMecTHbie chctcmbi jiHHefiHBix 0,U,y, KOTopbie 3aflaioT tohhbic 
penieHHH ypaBHeHHfi (121), onpenejineMBie raMHjiBTOHHaimMH H, 3aBHcam;HMH ot napaMeT- 
pa e. Cjienyn TepMHHOJiorHH [3], nonpGHBie 9BOJiioHHOHHBie ypaBHeHHH (c hoctohhhbimh 

E, He CBH3 aHHBIMH C h) Ha3BIBaiOTC2 B STOfi CTaTBe "KBaHTOBaHHHMH". ( IIpH e = 1 OHH 

Hcnojib3yioTC2, HanpHMep, npn onncaHHH cpHjiBTpainiH npoijeccoB HH(p(py3HH pQ.) 

^ajiBHeflniee pa3BHTHe pe3yjibTaTBi [2] nojiynnjiH b pa6oTax [3], [5] — [SJ. Ho Bonpoc 
o nonpGHBix "KBaHTOBaHHax" rjik bbichihx aHajioroB ypaBHeHHfi IleHjieBe no chx nop He 
H3yHajics. finnce TaKHe "KBaHTOBamiH" npHBonHTCH nnn coBMecTHBix pemeHHfi ypaBHeHHfi 
KopTeBera — ne BpH3a (KnB) 

u t = -uu z - u zzz (3) 
h HejiHHefiHoro ypaBHeHHH LQpenHHrepa (HYIII) 

— hit = u zz + 25|u| 2 m (5 = const G R) (4) 

c O^Y, onpe^ejiaeMBix cyMMaMH cTainioHapHBix nacTefi nepBBix bbichihx aBTOHOMHofi 
CHMMeTpnfi ypaBHeHHfi ([3]), (jlj) h hx CHMMeTpnfi rannjien. (3th BBicnine aHajiorn, co- 
OTBeTCTBeHHO, nepBoro h BToporo ypaBHeHHfi IleHjieBe, SKBHBajieHTHBi HByM napaM cob- 

MeCTHBIX raMHJIBTOHOBBIX CHCTeM OJ^Y C HByMH CTeneHHMH CBo6oHBI no He3aBHCHMBIM 

nepeMeHHBiM z n t.) 



1 MjieH Pi nepapxHH ypaBHeHna IleHjieBe I 

1.1. IlepBBiM bbichihm npen,CTaBHTejieM P x 2 nepapxHH h30mohohpomhbix HejiHHefiHBix 
O^Y P± ypaBHeHHH IleHjieBe I, Ha3BiBaeMbix TaKHce MaccHBHBiMH (2n + 1, 2) cTpyHHBiMH 
ypaBHeHHHMH [9], [10] . HBjineTCH ypaBHeHHe 

u zzzz + ^uu zz + ^u 2 z + ^-(z-tu + u 3 ) = 0, t = const. (5) 
3 o 18 

HHTepec k 0,Hy (j3]) b nepByio onepenb cBH3aH c TeM, hto oho o6jian,aeT cneiniajiB- 
HbiM penieHHeM u(z,t), B03HHKaioiiniM npn nccjienpBaHHH caMBix pa3HBix 3an,an MaTeMa- 
THnecKofi (pH3HKH. B nacTHOCTH [11] . 3to penieHHe coBna^aeT c penieHHeM TypeBHna — 
IiHTaeBCKoro (m) ypaBHeHHH KnB fl3]), BBeneHHBiM b paccMOTpeHne b [12j b KanecTBe 

CpyHKHHH, yHHBepcajIBHBIM 06pa30M OnHCBIBaiOUiaH BJIHHHHe MajIBIX ^HCnepCHOHHBIX np- 

6aBOK Ha onpoKH^BiBaHne npocTBix bojih b HejinHefiHofi rHnponHHaMHKe. (B rjiaBHOM no- 
pn/iKe acHMnTOTHKa cneiniajiBHoro penieHHH Til npn t — > oo onncaHa b H3BecTHofi pa6oTe 
[13] . Pe3yjibTaTbi [13] yTOHHeHBi b [11] . [14] — [18] . b [19] ,noKa3aHa ero rjia/XKocTB, b [17] 
noBe;i;eHHe penieHHH Til npoMonejinpoBaHo hhcjichho.) IIonpGHyio ace pojib 3Ta cneiniajiB- 
Han (pyHKi^HH nrpaeT He tojibko b cjiynae npocTbix bojih, ho h [14], [TS], j2D] — fljra 
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penieHHH o6mero nojioHceHHH ^ByxKOMnoHeHTHbix rimpoflHHaMHHecKHx chctcm c Majioii 
^HcnepcHeft. Ph,h; KOHKpeTHbix flByxKOMnoHeHTHbix chctcm (Gojibinett nacTbio He HHTerpii- 
pyeMbix), peineHHH KOTopbix no^TBepjK^aioT cnpaBe^JiHBOCTb nocjie^Hero yTBepjK^eHHH, 
onncaH b |15| — cm. TaKJKe [IT], |2T], [22] • A corjiacHo rnnoTe3e, ccpopMyjinpoBaHHoft B. 
A. ^y6poBHHbiM [21] . [22] . penieHne Til ^jih 3a^an c Majioii nHcnepcHeft ^ojijkho nrpaTB 
eme Gojiee yHHBepcajiBHyio pojib. KpoMe toto [11J . [17] . 3Ta ate HejiHHeiiHaH cneHHajib- 
Han cpyHKH,HH H3ynajiacB b paGoTax [23], [21] b cbh3h c 3a^anaMH KBaHTOBofi Teopnn 
rpaBHTau,HH. 

1.2. CoBMecTHBie penieHHH ypaBHeHHH (j3J) h (JSJ) othochtch k Kjiaccy h3mohoho^pom- 
hbix penieHHH ypaBHeHHH HyjieBoft kphbh3hbi [25] . 3th ypaBHeHHH ecTb ycjioBHe cob- 
MecTHocTH jiHHeiiHBix cHCTeM ( Bcio,zi;y ^ajiee hhjkhhh hh^ckc npn u o3HanaeT nopn^oK 
iipoH3BO^HOH u no nepeMeHHoft z) 

$ = ( 1 ^ $ $ = [ Ml/6 ~ M/3 ~ 4C 

z \(-u/Q J ' * \u 2 /Q + u 2 /l8 + (u/3-4( 2 - Ul /6 




5 ^ r 4:(ui + u 3 + uui ( —I ^ i fjh2 i (u i u 2 : u 2 5t s ( 1 



-$ c = (^^ — °— i ■ + (^ + ^ + ^ + 

) * V ClR \ r\ 1 I ' \>> 1 O AO ClR 



1728 ' v 96 \ 1 / 12 48 96 288' V 



+(C 3_ i!_ C 6 ^ + « 2 + 5t ^_ J?j + «j + Jgx j - - |)$ ( - 
vs 12 s 288 288 576 864 1728 ; 1 ' " ' ' 




3aMeiaHnel. CncTeMbi fl6J), (|Tj), B3HTbie H3 cTaTBH [19], npocTBiMH 3aMeHaMH 
cbo^htch k TpeM jiHHeHHBix cHCTeMaM, BBinHcaHHBiM paHee B [11] . 

IIpH 3TOM HMeeT MeCTO CHCTeMa OJiy, COCTOHHi;aH H3 ([2]) H ypaBHeHHH 

2 15 

(Ui) t = -UU 2 - ~u\ + —(Z -tu + M 3 ), 

6 6 18 

2 1 5 

(u 2 ) t = -uu 3 + -uiu 2 + — (1 - tut + 3mim 2 ), (8) 
6 6 lo 

1 5 10 5 5 

(U 3 ) t = U 3 U! + ~{u 2 ) 2 - ^g^ 2 + y M ( M l) 2 _ 27 _ tu% + ZU ) - Y^ tU2 - 

OJ^Y (jSJ) H ^aHHaH CHCTeMa O^IY 3KBHBajieHTHbI raMHJIbTOHOBbIM CHCTeMaM C ^ByMH 
CTeneHHMH CBo6o^bI — COOTBeTCTBeHHO, CHCTeMaM 

to); = m Pj , ( Pj y z = —(Hj)^. u = i, 2), (9) 

{q 3 y t = (H n y Pj , ( Pj y t = -{H n y q . u = 1, 2), (10) 

c KBa^paTHHHbiMH no HMnyjibcaM P j raMHjibTOHHaHaMH 

H I (z,t,q 1 ,q 2 ,Pi : P2) =ViV2 - -g- + — - — + — , (11) 
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H II (z,t,q 1 ,q 2 ,pi,p 2 ) = ~— ~ qiPiP2 + (ftj - ^JP 2 + 



2 ' x ^ 36 ' 108 ' 

,£i_ 2 2 5t ?i 5 *gig2 ^zq\ 5zq 2 
2 gi ^ 2 36 18 216 108 ' 1 ' 

tji<s qi = u/6, q 2 = u 2 /6 + 5w 2 /72 p 1 = u 3 /6 + 5uui/36, p 2 = Wi/6 (sth cpopMyjiti nojiy- 
neHbi, hcxo^h H3 aHajiorHH c cpopMyjiaMH (5.1.7) — (5.1.10) cTaTbH [26] /yifl jj;Byx30HH£>ix 
peineHHfl ypaBHerma: K,nB). HiDKe noxasaHO, hto Kaacfloe penieHne ([6]), (JT|) 3a^aeT peine- 
Hue ypaBHeHHH (e = 5/54) 

9t r 5a; 4 5a; 2 y y 2 5tx 2 5zx, T . . 

etf a = e 2 ty xv + + - + 13 

8 2 2 36 108 J ' V ; 

e * t = £ 2r_^ _ ^ + i ^ _ 5t ^^Wl _ 

* 1 2 * v 2dy yyy 36 ; 36 ; 2 J 108 

+ [f!_2V-— + ^- — -^]*, (14) 
1 2 y 36 18 216 108 J v y 

aBjiaroinHxcs: "KBaHTOBaHHaMn", onpe^ejiaeMbiMH raMHjibTOHHaHaMH (iTTjl h ([I]) — nocjie 
cpopMajiBHbix 3aMeH qi x , q 2 ^ y a pi — ejj, p 2 — > HX mojkho cHMBaniraecKH 

3anncaTb b BH,n;e: 

d d d d 

eV s = H I (z,t,,x,y,-e—,-e—)V, e% = H n (z,t,x,y,-e—,-e—)V. (15) 

ox ay ax ay 

1.3. OyH^aMeHTajibHbie penieHHa O^Y ([6]), ([I]) 3a,naioT 2x2 MaTpniiBi 

M(z,t,r ? ,C) = $- 1 (^t,^)$(z,t,C), (16) 
KOTopbie y^oBjieTBopaioT ^,ByM cxajiapHbiM jiHHeftHbiM ypaBHermaM 



C-v 

.1728. 2r _ 5 5N 5t(C 3 -r? 3 ) 5^(C 2 -r? 2 ) , N/A 

i^(C - *)M t = ,M CC - C M W - ( C + ^)^^+ 

,1728. 9r>/ r 5tr? 3 5^r7 2 . NX 5tC 3 5z( 2 , xxlw 

+ C (*7 L + — ~ + r (t, z)) - 77 C }- + — — + r t, z)) M, 18 

v 5 144 1728 144 1728 J 

3aBHCHMOCTb KOTOpblX OT u(z, t) CO^epJKHTCa JIHIHb B KOSCpCpHITHeHTaX 

1 .„ 9 5u 2 7i 5zu 5u 4 5t7i 2 25t 2 



48 2V d 2 3 9 36 18 36 7 ' 

1 . 9 2tinM u 2 u 2 5u 2 u 3 5u 2 (z — tu) 5u 2 u 2 
r (z, t) = —(ul + 2u 3 u lU + —2 V 1 + + " + 



96 2V 3 3 3 3 9 6 

5tu 2 u 5 5tu 3 hzu 2 25zt, 

H 1 H 1 )• 

36 9 27 18 54 ; 
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3aMeHoii 

M = (C -ri)expS(t,z)W, (19) 
r^e cpyHKHHa: S ynpBjieTBopaeT HenpoTHBopenHBBiM paBeHCTBaM 

1728 r , , 25t 2 . „ 1728 r „ . , 5Qzt . 
S z = -—[n{t,z) - j—^], S t = — [4roM + (288)2], 

ypaBHeHHa (I17|l . ffTB"]) nepeBo^aTca b HesaBHcauxHe ot u(z,t) ypaBHeHHH 



1728 2 C 5 -^7 5 5t(C 3 -^ 3 ) 5^(C 2 -r/ 2 ) 25t 2 
1 5 M C-^ 144(C - 77) + 1728(C-r ? ) + (288) 2j ' 1 } 

1728 ^ = rjW K - CW m _ W ( -W v + ( 1728 )2[c( ^ 5 _ 5_trf + 5^ 2 



20 C-^ C-?7 5 y L ^ w 144 1728 

25zt . . . 5tC 3 5< 2 25^t W 



(288)V /vs 144 1728 (288) 2 6 7J C - v' 
Ilocjie nepexo^a ot ( h rj k He3aBHCHMBiM nepeMeHHBiM 

x=-m, v=- ( -^Jll + IL (22) 
2 ' y 2 144 v ; 

ypaBHeHH3 (CQ), (|2T]) npHHHMaiOT BH^ "KBaHTOBaHHH" f lT3j) H (|14|) . 



2 MjieH P 2 2 nepapxHH ypaBHeHHa IleHjieBe II 

2.1. ,ZIjia BemecTBeHHBix 3HaneHHH zat HHxce ormcBiBaioTca "KBaHTOBaHHa" coBMecTHBix 
penieHHfi HYIII (gj) h O^Y 

/3m 3 - Attn + 6/3%| V + 2izu = 0. (23) 

HapH^y c perneHHeM Til ypaBHeHHH K^B, Taxne penieHHH Taxxce nrpaioT BaxcHyio pojiB 
^jih 3&r&h MaTeMaTHHecKofl (J)H3hkh c MajitiM napaivreTpoM: 

1) ohh 3a,n;aioT \27\ . |28| cneHiiajiBHBie pemeHHH Xa6epMaHa — CaHa HYIII (J4J) H3 pa6o- 

00 

tbi [29], KOTopBie b npe,n;ejie npn S — > nepexo^aT b HHTerpaji IIhpch Q = const J exp[— 2z(/3A 4 + 

—00 

2£A 2 + x\)]d\, h KOTopBie rjis ^obojibho rnnpoKoro psfla cHTyainift onncBmaioT BjiHHHHe 
MajiBix HejiHHefiHocTefi Ha BBicoKonacTOTHBie acHMnTOTHKH okojio ocTpua (xjiioBa) Kay- 
cthkh; 

2) npH 5 > c noMouiBio APy™ x peineHHH ypaBHeHHH (J4J) h (1231) oiiHCBmaeTCH [30j bjih- 
3Hiie Majioft ^HcnepcHH Ha npoueccBi npoBajiBHoro caMoo6ocTpeHHH HMnyjiBca, KOTopBie 
xapaKTepHBi ^jih npnGjiHaceHHii h6Jihh6hhoh reoMeTpHHecKoft onTHKH c HejiHHeHHOCTBio 
o6m;ero nojiojKeHHa; 
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3) Boo6me, O^y ( 123]) ecTt. nepBbift BbicniHH npe^cTaBHTejib P 2 nepapxHH P£ ypaB- 
HeHHa IleHjieBe II, b&^khoctb pojm KOTopoft (Hapa^y c Ba>KHOCTbio pojin nepapxHH P") 
fljia niHpoKoro Kjracca 3a,n;aH c MajitiM napaMeTpoM Gbijia npe,n;cKa3aHa A. B. KnTaeBBiM 
b |1U| . Hcxofls H3 aHajiornfl c iiepapxiisiMH HHTerpajioB Oypte KaHOHHiecKoro BH^a, Ha- 
3biBaeMBix |3T| Di. VI, §4] cneiyiajibHbiMH cpyHKHHHMH bojihobbix KaTacTpocp. IIo noBo^y 
aHajiornfl c ypaBHeHHeM IleHjieBe II nocjie npocMOTpa pa3,n;ejia 2.4 ,n;aHHOH cTaTBH cm. 
enje pa3,n;eji 6.1 paGoTbi K. OxaMOTo [32J. 

2.2. CoBMecTHbie penieHHH ypaBHemiii fll]) h (123 p Taxxce h30moho^pomhbi. Ohh ecTb 
|27| ycjioBHe cobmgcthocth Tpex jiKHeftHbix ypaBHeHHft 

, -C u \ x ( -i{2C 2 - 5\u\ 2 ) 2i(u- Ul , 

1 8u* C \ *(2iCu* + «i) *(2C 2 -%| 2 ) 1 



1 
-1 



$ c = (-[i(4/?C 3 + 4(t - 25/3|m| 2 C + z) + - uju)] 

4i(3( 2 u - 2f3( Ul + Aitu - 0u t 



1 6{4if3( 2 u* + 2f3(ul + 4itu* + f3u* t ) y ^ \ > 

r,n;e m* — KOMnjieKCHoe conpaxceHHe it. Ilpn stom u 3a^aeT [27] peHiemis: chctcmbi O^Y 
no nepeMeHHofl t, onpe^ejiaeMOH HYIII (J3J) h ypaBHeHHHMH 

/3u tt = 4itut + 2if35\u\ 2 u t + (2i + 8t%| 2 )w + 2izwi + 2/3<5wi(wiw* - wju), 

/3(ui) t = 2zu + 4it«i - 2i/35u(u 1 u* - ulu). (26) 
H3 ypaBHeHHfl (j3J), (123|) h (126]) cjieflyeT hoctohhctbo noznt BBipa>KeHH5i 

— ^— = -u^u-u 2 u* + \ui\ 2 -35\u\ 4 + ^\u\ 2 = i(u t u* - u* t u) + \ui\ 2 + 5\u\ A + ^-\u\ 2 . (27) 
Aop z p p 

2.3. OopMyjiofl (fl~6|) cpyH^aMeHTajibHtie penieHHH O^Y (I24j) . (125]) onpe^ejiaioT 2x2 

MaTpHH,BI M(t,Z,£,7)), KOTOpbie y^OBJieTBOpHIOT ypaBHeHHHM 

4/3(C - V )M Z - M ff + M m + 2 ^ + ^ = [16/3 2 (C 6 - rf) + 

+ 32/3t(C 4 - r/ 4 ) + 8/3^(C 3 - ?? 3 ) + (16t 2 + c)(( - ??) 2 + n(z, t)(C - r))]M, (28) 
2/3(C - 7;)M t - r]M a + QM m + (C + + M = [c(16/3 y + + 8 ^ 3+ 

+ (16t 2 + c)r? 2 + r (z, t)) - ?7(16/3 2 C 6 + 32f3t(* + 8f3z( 3 + (16t 2 + c)( 2 + r (z, t))]M, (29) 
r^e c — nocTOHHHaH, onpe^ejiHeMaa cpopMyjiofl fl27|) . 

n(2;, t) = 2i<5/3 2 (w 2 Wi - «2 M i) - 4:5z\u\ 2 + 8zt, 
r {z, t) = m 2 5\u\ 2 - 165 2 /3t|w| 4 - 45f3t{u* 2 u + u 2 u*) + 5(3 2 \u 2 \ 2 + 45 3 f3 2 \u\ 6 + 



+2S 2 /3 2 \u\ 2 (u* 2 u + u 2 u*) - 5 2 !3 2 {u 1 u* - w*w) 2 - 2i5/3z(uxu* - u\u) + z 2 

OyHKnnn r\ n r 2 cB33aHL»i cooTHomeHHeM (r\(z, i))' t = 2(ro(z,t))' z + 4z. 
3aMeHofi (fT9|) . r^e (pyHKnna 5* TaxoBa, nro 

4^=r a (2,t), 2/35 t = r Q (t,z) + z 2 , 
ypaBHeHHa ( 128]) . (129]) nepeBo^aTCH b napy ypaBHeHnn 



W 2 - 



C-v 



= [16/3 2 (C 6 - ?? 6 ) + 32/3t(C 4 - r? 4 ) + 8/3z(C 3 - r/ 3 ) + (16t 2 + c)(C 2 - »J 2 )]^-, (30) 
20W t - - VW<< - W l~ W " = [C(16/?V + 32/V + 8/3z V 3 + (16t 2 + c) V 2 - 

- z 2 ) - 77(16/3 2 C 6 + 32/3tC 4 + 8/3zC 3 + (16t 2 + c)( 2 - z 2 )}^—, (31) 

He coflepjKamnx 3aBHCHMOCTH ot u. 

2.4. H. Kimura b [33J npiiBeji cnncoK cobmccthbix nap raMHjiBTOHOBBix h30moho- 
^Pomhbix cHCTeM c ^ByMH cTeneHSMH cBo6oflt>i, nojiynaromnncs b pe3yjiBTaTe nocjie^oBa- 
TejiBHBix BBipo>K^eHHii cHCTeMBi PTapHte H3 cTaTBH [lj. B nx nncne co^;ep>KHTC3 napa, 
HyMepyeMaa b [33] Kax H5. 

(^j')ti — {^i)'np = -(KiYx, U = 1,2), (32) 

(A,); 2 = (A^, = -{K u )' x . (j = 1, 2), (33) 

c KBa^paTHHHbiMH no HMnyjibcaM fij raMnjiBTOHnaHaMH 

1 2 1 

K I (t 1 ,t 2 , Ai, A 2 ,/ii,/i 2 ) = [^ 2 -P(ti,t 2 ,A fc )^ fc -2z/A 2 ], (34) 

fc=i ^ fc ' 

X 2 ^ Q(Afc) 1 
K n {t u t 2 , X x , A 2 ,/xi,^ 2 ) = - ^ [/ifc - (P(ti,t 2 ,A fc ) + ^-y)/i fe -2z/A^], (35) 

r,n;e z/ — nocTOSHHaa, P(t 1 ,t 2 ,q) = 2q 3 + 2t 2 g + ti, A(g) = (q - Ai)(g - A 2 ), A'(q) - 
npoH3Bo^i;Haa A(g) no q, Q(q) = q — Ai — A 2 . (B [33] HMeeTca: onenaTKa, noBTopeHHas b 
|32] : raMHjiBTOHnaH Kjj npnBe^eH 6e3 MHOJKHTejisi 1/2.) 

OJ^Y (123 p no nepeMeHHon 2; n cncTeMa 0,H,y no nepeMeHHoii t, onpe^ejiaeMon HYLQ 
(jlj) n ypaBHeHHHMH (I26p nocjie 3aMeH 

z=^, t = — , a = (4/3) 1 / 4 exp(z7r/8), (36) 
2 a; 
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3KBHBaji6HTHt>i raMHjibTOHOBMM CHCTeMaM (132|) h, cooTBeTCTBeHHO, ( 133j) . onpe,n,ejiHeMbix 
raMnjiBTOHnaHaMH 034p h (135]) . IlpH stom 



/ (u z ) 2 t u zz 8\u\ 2 , 
Al = a{ 4^ " V ~IoV ~ + 4^7 + 



£u 2 / (u z ) 2 t u zz 8\u\ 



5a 3 . z . „ . . l9 / (m,) 2 t u zz 5\u\ 



» 2 = —(-(2u z u -u z u) + \u\ -- + _ + _), 

r^e nocTosHHasi a onpe^ejieHa 3aMeHaMH (136|) . ^ = ic/(8/3). (Ilocjie^HHe cpopMyjibi Gbijih 
nojiyneHbi aBTopoM, ncxo^a H3 ypaBHeHHii H,H,M (I24j) . f )25|) h cpopMyji (6.3), (6.4) pa6oTbi 
[52] — cm. TaK>Ke [33]. ) 

2.5. CoBMecTHa cjie^yiomaH napa sBOjnonHOHHbix ypaBHeHHii 

2(X - Y)F h = T xx - T YY + 2X 2 {XT) X + (2t 2 X + t^Tx - 2Y 2 (YT) Y - 

-(2t 2 Y + t 1 )T Y -2u(X 2 -Y 2 )T, (37) 
2(X - Y)T t2 = X[T YY + 2Y 2 (YT) Y + {2t 2 Y + t x )Y Y - 2vY 2 Y\- 
- Y[T XX + (2X 2 )(Xr) x + (2t 2 X + tjTx - 2uX 2 T] + T x - T Y} (38) 



KOTOpbie eCTb "KBaHTOBaHHH" BH^a (115]) C£ = l raMHJIBTOHHaHaMH f l34j) H f l35|) — CHMBO- 
JIHH6CKH (1371) H (13S|) MOJKHO 3anHcaTB B BH^e ypaBHeHHii 

r tl = jofa, f 2 , -^ , - ^)r, r i2 = /f„(*i,* a , y, -^)r. 

C noMombio cpopMyjiti 

r , * 4 + ^ 4 tj + t 2 (x 2 + r 2 ) + ti(x + r) tjt 2 

1 -expi 4 2 4 jH/ 

"KBaHTOBaHHH" f )37|) h ( 138]) cbo^htch k coBMecTHofl nape ypaBHeHHii 

2(x - Y)w tl = w xx - wy y - [x 6 - y 6 + 2t 2 (x 4 - y 4 )+ 
+tx(x 3 - y 3 ) + (t 2 + 2z/))(x 2 - y 2 )]^, 

2{X - Y)W t2 = XW YY - YW XX + W X -W Y - [X(Y 6 + 2t 2 Y A + ^y 3 + 

t 2 t 2 
+ (t 2 2 + 2v)Y 2 - -j) - y(X 6 + 2t 2 X 4 + tiX 3 + {t\ + 2v)X 2 - ±)\W. 
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Ilocjie nepexofla k He3aBHCHMBiM nepeMeHHtiM (1361) . 3aMeH 

X = -(4/3) 1/4 exp(m/8)C, Y = -(4/3) 1/4 exp(iw/8)r} 

h c = — 8z/3z/ nocjieflHHH napa cboahtch k nape (130]) . f l3T]) . 

3aMeiaHHe2. Cxopee Bcero, aHajiornnHbiM o6pa30M mojkct 6bitb onncaHa cbh3b 
Meatfly napofl ypaBHeHHfl ([I]), (|2ip h "KBaHTOBaHHHMn", onpeflejiaeMbiMH coBMecTHofl na- 
pofl Hg/2 raMHJIBTOHOBBIX CHCTeM CTaTBH [33j. 



3 3aKjiiOHHTejibHbie 3aMeHaHHH 

4.1. Ilpn e — 1 "KBaHTOBaHna" ([T]) H3 [2 J nojrynaioTCH He tojibko H3 ypaBHeHHfl |2|,hohh3 
ypaBHeHHfl e^> z = H(z,x,e-^)^, fljia KOTopbix npn npoH3BOJiBHBix 3HaHeHH5rx e h onpe- 
flejieHHbix peflyKflnax ypaBHeHHfl IleHjieBe b [7] Gbijih nocTpoeHBi cepnn hbhbix penieHHfl. 

B HaCTHOCTH, B CBH3H C 3THM pe3yjIBTaTOM [7] nOflHepKHeM CJieflyiOIflee o6cTOHTejIbCTBO: 

npn e = 5/54 (fl4"]) mojkho nepenncaTb KaK ypaBHemie 

9r W xx 1 d , T , 1 . 5t, T . 5^„ 

* 1 2 2&r V y; 2 xy vy 36 ; raJ 108 

r x b o 15tx 3 5txy 5zx 2 5zy, T 

+ 2xy 2 + 

1 2 y 36 18 216 108 J 

3to 3HaHHT, hto HapHfly c npeflCTaBjieHHHMH b BHfle "KBaHTOBaHHfl" (|15|) napbi (fT3"|) . 

(|14P MOJKHO CHMBOJIHHeCKH 3anHcaTb H KaK ypaBHeHHH : 

d d d d 

£* 2 = t, x, y, e—, s—)^, e^ t = H n (z, t, x, y, e—, s—)^. 

ox ay ox ay 

Bo3mo>kho, noflo6Hyio cnMBOJiHnecKas: 3anncb flonycKaioT h KaKHe-Hn6yflb "KBaHTo- 
BaHHa", onpeflejineMbie raMHjibTOHHHaMH, 3KBHBajieHTBiMH raMHjibTOHHaHaM 031]) h (|35p . 

4.2. IlpH onHcaHHH Bbime "KBaHTOBaHHfl" flByx bbicihhx aHajioroB ypaBHeHHfl IleHjie- 
Be KjnoneBofl HBHjiacb 3aMeHa ( 1T6|) . KOTopan paHee b 6jih3khx cHTyannax ajih HecKOJibKo 
HHbix nejiefl Hcnojib30Bajiacb ,U,. II. Hobhkobbim b |3] (cm. TaKxce cpopMyjiy (2.3.36) pa- 
6otbi He cpaKT, hto jihhib c noMomBio noflo6Hofl 3aMeHBi TaKxce jierKO npoacHHTCH 

BOnpOC O CnpaBeflJIHBOCTH "KBaHTOBaHHfl" BHfla ()15|) flJIH BCeX BBICHIHX raMHJIBTOHOBBIX 
H30MOHOflpOMHBIX aHajIOTOB IleHjieBe C flByMH CTeneHHMH CBo6oflBI, KOTOpBIM COOTBeT- 

CTByioT ypaBHemiH H,HM b MaTpnijax pa3MepoM 2x2 (b nacTHocTn, fljia Bcex, paccMaT- 

pHBaBHIHXCH B [33j). 

IloKa He BHflHo, KaK pe3yjiBTaTBi flaHHofl pa6oTBi Moryr 6bitb o6o6ineHBi Ha cjiynan 

H30MOHOflpOMHBIX raMHJIBTOHOBBIX OJ^Y C HHCJIOM CTeneHefl CBo6oflBI, 6ojibhihx 2, nycTB 

flaace fljia cHTyainifl, oTBenaioiixHx ypaBHeHHHM H/JM b MaTpHn,ax pa3MepoM 2x2 (Ha- 
npHMep, fljia npeflCTaBHTejiefl Hepapxnfl P™, c n > 2). B cbh3h c tojibko hto cKa3aH- 
hbim oTMeTHM, hto b cjiynae CHCTeM LQjie3HHrepa |35], cooTBeTCTByroiinrx ypaBHeHHHM 
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HHM b MaTpHu,ax pa3MepoM 2x2, sth jiHHeftHBie ypaBHeHHH HHM 3a^aioT [5] penieHna 
ypaBHeHHft rana BejiaBHHa — IIojiHKOBa — 3aMojio/j;HHKOBa [36J MHHHMajiBHoft KOHcbopM- 
hoh TeopHH nojiH c n,eHTpajiBHBiM 3apaflOM ajire6pBi Bnpacopo, paBHBiM e,zrHHHH,e. Ho He 
cB33aHBi jih ^aHHBie ypaBHeHHa HHM TaKJKe h c KaKHMH- jih6o "KBaHTOBaHHHMH", onpe- 
^ejiHeMBiMH raMHjiBTOHOBBiMH cTpyKTypaMH cooTBeTCTByiomHx chct6m IHjie3HHrepa? 

CoBceM Henccjie^oBaHHBiM ocTaeTca h Bonpoc o ' 'kb aHTOB aHHHx' ' h30moho,hpomhbix 
raMHjiBTOHOBBix OHY, oTBeuaioiiiHx ypaBHeHHHM HHM b MaTpimax pa3MepoM m x m 
npn m > 2. 
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